Introduction
In 1940, Ulam [1] posed an important problem concerning the stability of group homomorphisms. In the following year, Hyers [2] solved the problem for the case of Cauchy additive functional equation. After a period longer than two decades, Rassias [3] generalized Hyers' result and then Gȃvruta [4] extended Rassias' result by allowing unbounded control functions. The concept of stability introduced by Rassias and Gȃvruta is known today with the term "generalized HyersUlam stability" of functional equations.
A solution to the functional equation
is called an additive mapping and a solution to the functional equation
is called a quadratic mapping. If a mapping can be expressed by the sum of an additive mapping and a quadratic mapping, then we call the mapping a quadratic-additive mapping. Now, we consider the general quadratic-additive type functional equation 
with nonzero real constants , , and . The mapping ( ) = 2 + is a solution to this functional equation, where , are real constants. For the case = = , the stability of the functional equation (3) was investigated by some mathematicians (see [5] for = = = 1/3).
In this paper, we will prove that if , , and are nonzero real constants, then every solution to the functional equation (3) is a quadratic-additive mapping and, conversely, we will also prove that every quadratic-additive mapping is a solution to (3) provided , , and are rational constants. Moreover, 2 International Journal of Mathematics and Mathematical Sciences we will prove the generalized Hyers-Ulam stability of the functional equation (3) .
We remark here that (3) is a special form of the general linear equation, whose stability was investigated by Bahyrycz and Olko [6] via a different method from that we apply in this paper. In particular, the main result of this paper is a generalization of [6] .
Preliminaries
Throughout this paper, let and be vector spaces over R, let be a real normed space, let be a real Banach space, and let , , and be positive real constants.
For a given mapping : → , we use the following abbreviations: First, we will prove that the mapping satisfies 
for all , ∈ . If and are nonzero rational constants with ̸ = , then there exists an integer satisfying ( − )( − 1)(( ) 2 + ( ) 2 − − 1) ̸ = 0. According to Lemma 4, the equality
implies that satisfies , ( , ) = 0 for all , ∈ . Altogether, the mapping satisfies , ( , ) = 0 for arbitrary rational numbers and .
On the other hand, the equality
implies that satisfies , ( , ) = 0 for arbitrary rational numbers and . Since the equality , ( , ) = , ( , ) + , ( , ) holds for all , ∈ , we conclude that the mapping satisfies , ( , ) = 0 for all , ∈ .
Lemma 6. If real numbers , , and satisfy
Proof. First, assume that = 0 and , , and are real constants satisfying ( − )( − )( − ) ̸ = 0, 2 + 2 − −1 = 0, 2 + 2 − − 1 = 0, and 2 + 2 − − 1 = 0. We then obtain the equalities 2 = 1, 2 = 1, and = 1, which contradict the fact ̸ = . Second, assume that , , and are nonzero real constants satisfying conditions ( − )( − )( − ) ̸ = 0,
We then obtain the equalities + = , + = , and = 0, which contradict the fact ̸ = 0.
We will now prove that is a quadratic-additive mapping provided is a solution to the functional equation
, , ( , , ) = 0 for all , , ∈ .
Remark 7. We remark that if : { , , } → { , , } and : { , , } → { , , } are permutations, then we have
(10) Proof. In view of Remark 7, it is enough to check the following three cases: (1), (2) , and (3). Notice that (0) =
If , , and are real constants with ( − )( − )( − ) = 0, then we can assume that = without loss of generality by Remark 7. In view of Lemma 1, the equality − 1,1 ( , ) = , , ( , − , ) − , , (0, 0, ) implies that is a quadratic-additive mapping. In particular, we know that every solution to , , ( , , ) = 0 is a quadraticadditive mapping.
(2) If , , and are real constants with ( −1)( −1)( − 1) = 0, then we can assume that = 1 without loss of generality due to Remark 7. We can easily show the validity of the following equalities:
for all , , ∈ . Since every solution to , , ( , , ) = 0 is a quadratic-additive mapping, the equality 
implies that is a quadratic-additive mapping. Proof. Let : → be a quadratic-additive mapping. Then we easily show that is a quadratic mapping and is an additive mapping. Hence, we have ( ) = 2 ( ), ( ) = ( ), and ( + ) = ( ) + ( ), where is an arbitrary rational number. In view of Lemma 5, we see that the mappings and satisfy the equalities , ( , ) = 0 and , ( , ) = 0. Therefore, the equalities 
Main Results
In the following theorems, Theorems 3.1-3.3 of [8] can be slightly modified for the case when = 3 and ( , , ) = , , ( , , ) without altering their proofs.
Theorem 11. Given a real number with
for all ∈ \ {0} and let : ( \ {0})
for all , , ∈ \ {0}. If a mapping : → satisfies (0) = 0 and
for all ∈ \ {0} and if satisfies , ,
for all , , ∈ \ {0}, then there exists a unique mapping : → such that , ,
holds for all , , ∈ \ {0},
hold for all ∈ , and
holds for all ∈ \ {0}.
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Theorem 12. Given a real constant with | | ̸ = 1, let : \ {0} → [0, ∞) be a function satisfying the condition
for all , , ∈ \ {0}. If a mapping : → satisfies (0) = 0 and (16) for all ∈ \ {0} and if satisfies (17) for all , , ∈ \ {0}, then there exists a unique mapping : → satisfying (18) for all , , ∈ \ {0} and (19) for all ∈ and satisfying
for all ∈ \ {0}.
Theorem 13. Given a real constant with
for all , , ∈ \ {0}. If a mapping : → satisfies (0) = 0 and (16) 
It is to be noted that we can replace \ {0} with in Theorems 11-13. 
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Proof. Using the equalities
for all ∈ and by Remark 7, we can easily prove the assertions.
Since every solution to the functional equation (3) is a quadratic-additive mapping according to Theorem 8 provided , , and are nonzero real constants, we can prove the following set of theorems by using Theorems 11-13. 
for all ∈ . If we put ( ) = ( , − , 0) and = − , then ( ) satisfies condition (14) and inequality (16) for all ∈ . In view of Theorem 11, there exists a unique mapping : → satisfying equality (18) for all , , ∈ and the equalities in (19) for all ∈ , such that inequality (30) holds for all ∈ .
In view of Lemma 14, the equalities in (19) follow from equality (18). Hence, there exists a unique mapping : → satisfying equality (18) for all , , ∈ and inequality (30) for all ∈ .
By the same way as in the proof of Theorem 15, we can prove the following couple of theorems. Hence, we omit their proofs. 
